It has long been recognized that the hierarchical structures of the family mass spectra, with their large third family masses, and of the CKM mixing matrix, with its suppressed third family mixings, may have a common dynamical origin. In particular, several authors [1] have stressed that the observed pattern seems to be close to the "rank-one" limit, in which the mass matrices have the "democratic" form of a matrix with all matrix elements equal to unity, which has one eigenvalue 1 and two eigenvalues 0; when both up and down quark mass matrices have this form, they are diagonalized by the same unitary transformation and the CKM matrix is unity. However, because the underlying dynamical basis for this choice has not been apparent, it has not been possible to systematically extend the rank-one model to one that incorporates, and relates, the observed mass and mixing hierarchies.
We present in this letter a model for the quark mass and flavor mixing matrices, based on the underlying dynamical assumption that the three flavor weak eigenstates are distinguished by different eigenvalues of a discrete chiral Z 6 quantum number. The idea that a discrete chiral quantum number may underlie family structure was introduced originally by Harari and Seiberg [2] , and was developed recently by the author [3] in a modified form that we follow here. Also of relevance is the remark of Weinberg [4] that an unbroken discrete chiral quantum number suffices to enforce the masslessness of fermionic states. Extending the general framework of this earlier work, we postulate that all complex fields carry a discrete chiral family quantum number. Since the Higgs scalars in the standard model are complex, we introduce a triplet of Higgs doublets that carry Z 6 quantum numbers, and that are coupled to the fermions by Yukawa couplings so that the Lagrangian is Z 6 invariant.
Spontaneous symmetry breaking, in which the neutral members of the three Higgs doublets acquire vacuum expectations, then gives the fermion mass matrices that form the basis for our detailed analysis.
In the simplest form of a theory with a discrete chiral Z 6 symmetry, the fundamental Lagrangian, as augmented by the instanton-induced potential, is invariant under the simultaneous transformations
of the unification scale fermion fields ξ. The fields in the low energy effective Lagrangian are in general nonlinear functionals of the fundamental fields. Fermionic effective fields must be odd monomials in the fundamental fields, and so can come in three varieties ψ n with the discrete chiral transformation law
while complex bosonic effective fields must be even monomials in the fundamental fermion fields, and so can also come in three varieties φ n with the discrete chiral transformation law
Gauge fields are real fields, and since the phase in Eq. (1c) never takes the value −1, they come in only one variety transforming with phase unity under discrete chiral transformations.
(Two varieties of gauge fields become possible when the discrete chiral group is Z 12 rather than Z 6 , since −1 is then present in the set of even phases.) Thus the minimal Z 6 invariant extension of the standard model consists of a triplicated set of fermions, and a triplicated set of Higgs doublets, obeying the transformation laws of Eqs. (1b) and (1c) respectively, together with the usual gauge bosons, with the Lagrangian constructed to be Z 6 invariant.
We shall give the full Lagrangian structure of this theory elsewhere; for our present purpose it suffices to state that all of the usual gauge sector results are unchanged. Hence we only exhibit the most general Yukawa coupling of the Higgs fields to the fermions, which grouping the the fermions ψ n into a 3-component column vector, takes the form
Here Q L and ψ L denote the usual left handed quark and lepton doublets, as extended into three component column vectors of doublets to incorporate the discrete chiral symmetry.
Similarly, d R , u R , and e R denote the usual quark and lepton right handed singlets, as extended into three component column vectors. The 3 × 3 matrices Φ d,u,e are given by
with φ andφ denoting respectively the Higgs doublet and the charge conjugate Higgs doublet, with n(s) ,ñ(s) denoting the unique discrete chiral Higgs component, for each s = 1, 2, 3, that cancels the fermionic phase selected by the combination matrices P s . The three possibilities for P s are given by (with f denoting d, u, e)
with the α's complex numbers. On spontaneous symmetry breaking, the neutral components of each Higgs field φ n obtains a vacuum expectation value v n , and the Yukawa coupling of Eq. (2) gives the mass term
Equation (4) is the starting point for our analysis.
We observe that there are two specializations of Eq. (4) (for f = d, e) and α f s vñ (s) (for f = u) are independent of s, the mass matrices of Eq. (4) for each charge sector become proportional to the "democratic" mass matrix with all matrix elements equal to unity.
In the partially symmetric limit, the mass matrices are all proportional to a matrix of the general form
This matrix is a circulant [5] (the rows are related to one another by successive cyclic permutation), and thus has the property that it can be diagonalized by left and right unitary transformation matrices that are independent of the values of the complex numbers m 0 , m 1 , and m 2 . To show this, we introduce the unitary matrices U L and U † R given by
with ω the complex cube root of unity,
We then find that
with the eigenvalues n 1,2,3 given by
Because the transformation of Eq. (6a) is independent of the values of the matrix elements of N, in the partially symmetric limit changing basis from weak eigenstates to mass eigenstates diagonalizes not only the mass term of Eq. (4) give
and we can satisfy
Since this specialized form of N can represent arbitrary mass ratios between the generations, so can the general form before specialization.
Returning to the general form of N, let us determine the CKM matrix that results when we relax the assumption of partial symmetry, by allowing P 
with N given by Eq. (5) and with ǫ a 3 × 3 complex matrix with vanishing diagonal matrix elements (because N has three independent parameters on its diagonal) and with arbitrary complex off-diagonal matrix elements. We diagonalize Eq. (9a) in two steps. First we apply the transformation of Eq. (7a) that diagonalizes N, giving 
with ∆ the Hermitian matrix with upper diagonal matrix elements given by
The problem of diagonalizing Eqs.(10a, b) is textbook time-independent perturbation theory, and the solution is the matrix
Restoring the superscripts u, d, the CKM mixing matrix is given by
on using Eq. (11) gives 9a), that breaks the partial symmetry, is of order three percent. As a consequence, flavor changing neutral current effects arising from single Higgs exchange are suppressed by a factor of order .03 2 ∼ 10 −3 relative to the generic estimate of Glashow and Weinberg [6] , and one finds that for Higgs masses greater than roughly 300 GeV, the Higgs exchange contribution to the K L − K S mass difference is acceptably small.
In a paper in preparation, we will give the full structure of the Z 6 invariant extension of the standard model referred to above. Additionally, motivated by the model of Ref.
[3], we will give a Z 12 invariant extension of the standard model that separates, under an S(2) symmetry restriction, into two copies of the Z 6 model that interact only through the Higgs sector, and that have Yukawa couplings that are orthogonal linear combinations of the original Z 12 Yukawa couplings. Hence when the Z 12 model is close to the "democratic" limit, one of the Z 6 copies is also close, and will behave as discussed here; the second copy can have a very different (and possibly much lighter) mass spectrum. In a second paper in preparation, we will investigate the possibilities for realizing a Z 6 or Z 12 discrete chiral
